The main result of this paper is that if a ring R is an essential subdirect sum of prime rings and Mis a torsionless i?-module, then the endomorphism ring of M is also an essential subdirect sum of prime rings.
In [4] Levy defined irredundant subdirect sums of rings. This provided a unique decomposition of a left quotient semisimple ring as a subdirect sum of left quotient simple rings. He also showed that irredundant subdirect sums of prime rings possess some rather strong uniqueness properties.
In [2] essential subdirect sums were defined and Levy's decomposition theorem was obtained for essential subdirect sums. Furthermore in [3] it was shown that a ring R has a maximal left quotient ring which is a direct product of full linear rings if and only if R is an essential subdirect sum of rings whose maximal left quotient ring is full linear.
In §1 of this paper we show that for subdirect sums of prime rings, essential and irredundant subdirect sums are identical. We also give some uniqueness properties of essential subdirect sums which are even stronger than those for irredundant subdirect sums.
In §2 we show that if M is a torsionless 12-module and 22 is an essential subdirect sum of prime rings, then the endomorphism ring of M is also an essential subdirect sum of prime rings. We get this theorem as a consequence of a more general result about Morita contexts. The proof of the more general result is notationally more efficient. Proof. If the subdirect sum is irredundant, then by [4, Prop, 4.2] the maximal left quotient ring R of R is equal to the direct product of the maximal left quotient rings R a of R a . Since RS ΐ[ a Ra £ IlaR it follows that R R is essential in ΐ[ a R a and the subdirect sum is essential.
The following example shows that essential subdirect sums and irredundant subdirect sums are not in general the same, even for left quotient semisimple rings. EXAMPLE 1.2. Let Si and S 2 each be the direct sum of two copies of the integers. If then R is a ring which is an irredundant subdirect sum of S L and S 2 . Proof. If an essential subdirect sum of A and C is isomorphic to an essential subdirect sum of B and C, then since C is an essential subdirect sum of C l9 •••, C n we have by Lemma 1.3 that an essential subdirect sum of A, C l9 , C n is isomorphic to an essential subdirect sum of B, d, , C n . By Lemma 1.1 the subdirect sum is irredundant, and by [4, Theo. 3.2] the subdirect summands are unique up to isomorphism. Thus A = B.
Loosely speaking, the preceding lemma is a cancellation law for essential subdirect sums of prime rings. The following example [4, p. 74] shows that the corresponding result does not hold for irredundant subdirect sums. EXAMPLE 1.6. Let A be a polynomial ring in an infinite number of indeterminants over the integers, and let B be the same polynomial ring over the rationale. Then there is a homomorphism / (respectively g) of A (respectively B) onto itself with a nonzero kernel. Let
C= A@B.
Then R = {(x, (y, z))\xe A, (y, z) e C, f(x) -y) is a subdirect sum of A and C. The subdirect sum is irredundant since if x is any nonzero element of ker /, then (x, (0, 0))ein R) and if x is any nonzero element of B, then (0, (0, x))eC f] R. However R~C since the middle component can be omitted. Similarly we construct an irredundant subdirect sum of B and C which is isomorphic to C. Since A is not isomorphic to B, we have the desired example. 
Lei P be a prime ideal of R which does not contain (M, N). Then (i) P' is a prime ideal of E, and
(ϋ) P = p".
Proof, (i) If JETS P' where X and Y are ideals of E, then (MZT, ΛΓ) S P so that (MX, N)(MX, N) = (MX[N, M]Y, N) S
(MXY, N) S P. Since P is prime, either (MY, N) S P or (ikfΓ, iSΓ) S P Hence either XsP' or 7gP f and P' will be a prime ideal of E provided P' Φ E. Since (Λf, iV) g P, (ikf [iV, Jlf ], iV) -(M, iV) 2 g P, and this implies that P' Φ E.
(ii) It is easy to show that P" = {r e R\(M, N)r(M, N) S P} Thus (ikί, N)P"(M, N) s P Since P is a prime ideal of # and does not contain (M, N) , it must be the case that P" S P The reverse inclusion is obvious, and so P -P". Next, set B={βe A\P β 2 I and P^ g (M, iSΓ)} and C={τ6A|P r 2 (j|f, JV)}. Since each P a Ξ2 I(ikf, iV) = 0 and P α is prime, it follows that A is the disjoint union of B and C. We will prove that E is an essential subdirect sum of the prime rings {E β = E/Pβ\βe B}; i.e., we show that ( Proof. By [4, Theo. 3.13] , R is a semiprime ring with the maximum conditions on annihilator ideals if and only if R is a subdirect sum of a finite number of prime rings. Theorem 2 3 ensures that this property is inherited by E.
